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Abstract
We compute a certain index for an N = 4 Chern-Simons theory with
gauge group U(N)r in the largeN limit with taking account of monopole
contribution, and compare it to the corresponding multi-particle index
for M-theory in the dual geometry AdS4 ×X7. The internal space X7
has non-trivial two-cycles, and M2-branes wrapped on them contribute
to the multi-particle index. We establish one-to-one map between r− 1
independent magnetic charges on the gauge theory side and the same
number of charges on the gravity side: the M-momentum and r − 2 (=
b2(X7)) wrapping numbers. With a certain assumption for the wrapped
M2-brane contribution, we confirm the agreement of the indices for many
sectors specified by the r − 1 charges by using analytic and numerical
methods.
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1 Introduction
Monopole operators play important roles in gauge theories for M2-branes. Taking
account of them is essential to obtain correct background geometries of M2-branes
as moduli spaces of the gauge theories. Let us consider the N = 8 supersymmetric
Yang-Mills theory realized on a stack of N D2-branes as a simple example. The
diagonal U(1) subgroup of the U(N) gauge group does not couple to any fields, and
we can define the dual photon field a by
da =
1
g23
∗ trF, (1)
where g3 is the gauge coupling. This scalar field describes the collective motions of
the M2-branes, and is identified with “the eleventh direction” or “the M-direction.”
By definition, a is the canonical conjugate of trF , and the operator eima changes
the flux (2π)−1
∫
trF bym. Namely, eima is a monopole operator carrying magnetic
charge m. In this sense, the M-direction emerges by taking account of monopole
operators.
The ABJM model[1], U(N)×U(N) Chern-Simons matter system withN = 6 su-
persymmetry, was proposed as a theory describing M2-branes in R8/Zk. Monopole
operators in ABJM model[2, 3, 4, 5, 6, 7, 8] also play a similar role. The action of
ABJM model includes Chern-Simons terms
SCS =
k
4π
∫
tr
[
A1dA1 +
2
3
A31 −A2dA2 −
2
3
A32
]
. (2)
The component of gauge fields corresponding to the diagonal U(1) subgroup of
U(N) × U(N) appears in the action only through these Chern-Simons terms, and
its equation of motion gives the Gauss-law constraint
trF1 − trF2 = 0. (3)
Therefore, we can define one gauge invariant magnetic charge again by
m =
1
2π
∮
trF1 =
1
2π
∮
trF2. (4)
Just as in the case of the D2-brane theory, this magnetic charge is identified with the
Kaluza-Klein momentum along the M-direction (M-momentum). The dual photon
field a can be defined by solving (3) as
da = trA1 − trA2, (5)
and monopole operators in the form eima correspond to Kaluza-Klein modes with
the M-momentum proportional to m. (More precisely, the operator eima is not
gauge invariant in the ABJM model. We can construct gauge invariant operators
by combining eima and matter fields, and such gauge invariant operators correspond
to Kaluza-Klein modes.) See also [9, 10] for similar analysis for BLG model[11, 12,
13, 14, 15].
When k = 1 or 2, the supersymmetry of the ABJM model is expected to be
enhanced from N = 6 to N = 8. Equivalently, the R-symmetry is enhanced from
SO(6) to SO(8). Because the SO(8) mixes the M-direction with other directions,
the analysis of monopole operators is indispensable to show the existence of the
N = 8 supersymmetry[16, 17].
Even in more general quiver Chern-Simons theories, the emergence of the M-
direction is explained in the same way[18, 19, 20, 21]. In quiver-type theories, we
always have U(1) diagonal gauge field which couples no matter fields in the theory
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and its dual scalar field plays the role of the coordinate of the M-direction. In
general, however, we can define more than one magnetic charges, and only one of
them accounts for the emergence of the M-momentum. For more concrete analysis,
let us consider a U(N)r quiver Chern-Simons theory with the Chern-Simons terms
SCS =
r∑
a=1
ka
4π
∫ (
AadAa +
2
3
A3a
)
. (6)
We assume that the levels ka satisfy
r∑
a=1
ka = 0. (7)
In this theory, we can define r gauge invariant magnetic charges by
ma =
1
2π
∮
trFa, a = 1, . . . , r. (8)
But there is one constraint imposed on these magnetic charges. Due to the as-
sumption (7), the diagonal U(1) gauge field becomes a Lagrange multiplier, and its
equation of motion gives the constraint
r∑
a=1
katrFa = 0. (9)
By integrating this over a 2-cycle, we obtain
r∑
a=1
kama = 0. (10)
This relation decreases the number of independent magnetic charges by one. Hence
we have r−1 independent magnetic charges. One of them should be identified with
the M-momentum, but we still have extra r − 2 charges. What do these charges
represent in the dual geometry AdS4 ×X7?
In [22, 23], it is proposed that monopole operators carrying these extra magnetic
charges correspond to M2-branes wrapped on non-trivial two-cycles in the internal
space X7. In [22], it is pointed out that for N = 4 Chern-Simons theories[24, 25,
26, 27], the two-cycle Betti number b2(X7) and r − 2, the number of independent
magnetic charges subtracted by one, agree. In [23], for Abelian N = 4 theories, the
agreement of the spectrum of monopole operators and that of wrapped M2-branes
are partially confirmed.
The purpose of this paper is to investigate the correspondence between wrapped
M2-branes and monopole operators in more detail. The analysis in [23] is carried out
with the gauge group U(1)r, and by this reason, the perfect agreement of spectrum
cannot be expected. In this paper, we consider an N = 4 Chern-Simons theory
with gauge group U(N)r, and confirm a certain index for the gauge theory in the
large N limit including monopole contribution agrees with the corresponding multi-
particle index on the gravity side with taking account of contribution of wrapped
M2-branes.
Analysis of indices has been done for ABJM model in [28]. The ABJM model
has SU(4) R-symmetry and U(1) flavor symmetry. Let (h1, h2, h3) be the SU(4)R
weight vector and h4 be the U(1) charge. h4 is identified with the M-momentum
on the gravity side. See Table 2 for concrete definition of the charges hm. The
superconformal indices investigated in [28] are defined by1
I(x, y1, y2) = tr
[
(−1)F e−β′{Q,S}x2(∆+j3)yh11 yh22
]
(11)
1We replace the variable x commonly used in the literature by x2 to avoid fractional power.
We also use different numbering for the chemical potentials yi from references for convenience.
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where Q is the component of supercharge with R-charge (h1, h2, h3) = (0, 0, 1), and
S is its Hermitian conjugate. On the gauge theory side, the trace in (11) is regarded
as the summation over gauge invariant operators, and we denote the index by Igauge.
On the gravity side, we can define two indices by (11). The single-particle index Isp
is defined by taking the trace over all single-particle states, while the multi-particle
index Imp is also defined by the same equation by summing up all the multi-particle
states including single- and no-particle states. In general, a single particle index
and the corresponding multi-particle index are related by
Imp(·) = exp
∞∑
n=1
1
n
Isp(·n), (12)
where “(·)” represents the sequence of the arguments of the index, and “(·n)” on
the right hand side is the sequence with every argument replaced by its n-th power.
The indices defined by (11) are independent of β′, and only operators (states)
saturating the BPS bound
{Q,S} = ∆− j3 − h3 ≥ 0 (13)
contribute to the indices. Because the computation of gauge theory index in [28]
is performed in the large k-limit, all the monopole contribution decouples. On
the gravity side, this corresponds to the decoupling of Kaluza-Klein modes with
non-vanishing M-momentum h4. The gauge theory index obtained in [28] is
Igauge(x, y1, y2) =
∞∏
n=1
(1− x4n)2
(1− x2nyn1 )(1 −
x2n
yn2
)(1 − x2nyn1 )(1 − x2nyn2 )
. (14)
The corresponding graviton index is obtained by a projection of the graviton index
for AdS4 × S7. The graviton index for AdS4 × S7[29] is
Igrav(x, y1, y2, y3) = tr
[
(−)F e−β′{Q,S}x2(∆+j3)yh11 yh22 yh43
]
=
(numerator)
(denominator)
, (15)
where the numerator and the denominator are given by
(numerator) =
√
y1y2y3(1 + y1y2 + y2y3 + y3y1)x
−√y1y2y3(y1 + y2 + y3 + y1y2y3)x7
+(y1y2 + y2y3 + y3y1 + y1y2y3(y1 + y2 + y3))(x
6 − x2),(16)
(denominator) = (1− x4)(√y3 − x√y1y2)(√y1 − x√y2y3)
×(√y2 − x√y3y1)(√y1y2y3 − x). (17)
The single-particle index for the orbifold S7/Zk in the large k limit is obtained from
(15) by picking up y3 independent terms as
Isp(x, y1, y2) =
x2
y1 − x2 +
1
1− x2y1 +
x2
y2 − x2 +
1
1− x2y2 −
2
1− x4 . (18)
It is easy to see the perfect agreement between (14) and the multi-particle index
Imp(x, y1, y2) obtained from (18) by the relation (12).
A gauge theory index for ABJM model including the monopole contribution is
computed in [5]. The index is defined by
Igauge(x, y1, y2, y3) = tr
[
(−1)F e−β′{Q.S}x2(∆+j3)yh11 yh22 yh43
]
, (19)
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where y3 is introduced as the chemical potential for the charge h4, which is related
to the monopole charge m by h4 = km. In [5] it is confirmed that this agrees with
the multi-particle index (12) with Isp being replaced by Zk projection of (15).
For N = 4 theories, a superconformal index without monopole contribution is
computed in [30]. They consider an N = 4 theory obtained as ZM orbifold of ABJM
model, which includes M untwisted and M twisted hypermultiplets, and compute
the index
Igauge(x, y1) = tr
[
(−1)F e−β′{Q,S}x2(∆+j3)yh11
]
(20)
on the gauge theory side. The result suggests that the corresponding single-particle
index should be
Isp(x, y1) =
1
1− x2y1 +
1
1− x2/y1 −
2
1− x4 +
2x2M
1− x2M
+(M − 1)
(
1
1− x2y1 +
1
1− x2/y1 −
2
1− x4
)
. (21)
An interesting feature of this result is that this index consists of two parts of different
origins. The first line in (21) is obtained from (18) by the projection which leaves
only terms invariant under the ZM rotation y2 → e2πi/My2. Thus, the first line is
regarded as the bulk contribution. On the other hand, the second line is interpreted
as the contribution of twisted sectors. Indeed, there are two AM−1-type singular
loci in the internal space X7, and we expect the existence of an SU(M) vector
multiplet on each of these singular loci. Let GS = SU(M)× SU(M) be the gauge
group realized on the loci, and HS = U(1)
2(M−1) its Cartan subgroup. In [30]
the twisted sectors are identified with the contribution of the HS vector multiplets,
which arise as supergravity modes localized at the singular loci.
In this paper we consider an N = 4 Chern-Simons theory with general numbers
of untwisted and twisted hypermultiplets. Let p and q be the numbers of two kinds
of hypermultiplets. In this case, as we will explain later, the internal space X7
includes an Ap−1-type singular locus and an Aq−1-type singular locus. On these
loci gauge group GS = SU(p) × SU(q) is realized. We compute an index Igauge
similar to (20) with taking account of the monopole contribution, and compare it to
the corresponding multi-particle index Imp on the gravity side. We find that they
agree if we take account of the full GS vector multiplets, which include not only
the Cartan part but also HS -charged particles. The HS charges are represented
as a vector in the GS root lattice, and we can regard them as wrapping numbers
of M2-branes on the vanishing two-cycles at the singularities. By comparing the
indices, we establish the relation between r − 1 independent magnetic charges and
the same number of charges on the gravity side: the M-momentum and r − 2
wrapping numbers. The HS charges couple to the Wilson lines associated with
the non-trivial fundamental groups of the singular loci, and this coupling shifts
the Kaluza-Klein momenta along the cycles. Such a shift of momenta is correctly
reproduced on the gauge theory side as a selection rule for charges associated with
the global symmetries U(1)×U(1)′, which are defined in §2. For U(1)r case, it was
confirmed in [23] by investigating charges associated with U(1) × U(1)′ of gauge-
invariant chiral monopole operators. We show that it is also the case for U(N)r
from the analysis of a monopole index in §4.
This paper is organized as follows. In §2, we briefly review the field contents,
global symmetries, and the moduli space of the N = 4 Chern-Simons theory. We
also comment on the relation between the Wilson lines in the singular loci and
the fivebrane linking numbers. In §3 we derive a general expression for the multi-
particle index from the known result of the graviton index for AdS4 × S7 and a
certain assumption for the index for a vector multiplet localized on AdS4 × S3. In
§4 we investigate the gauge theory index including the monopole contribution. We
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derive the selection rules for the U(1)× U(1)′ charges and confirm that they agree
with what is expected from the relation between the Wilson lines and the fivebrane
linking numbers. We compare the gauge theory index and multi-particle index in
§5 for many sectors specified by the r− 1 charges, and confirm that they agree with
each other by using analytic and numerical methods. We summarize the results in
§6.
2 N = 4 Chern-Simons theories
2.1 Action and symmetries
We consider an N = 4 Chern-Simons theory with unitary-type gauge group U(N)r.
Such a Chern-Simons theory is described by a circular quiver diagram, in which ver-
tices and edges represent vector multiplets Va and hypermultiplets HI , respectively.
We use index a for vertices and I for edges. In the terminology of N = 2 super-
space formalism, N = 4 supermultiplets are represented as pairs of superfields as
Va = (va,Φa) and HI = (QI , Q˜I). We define component fields for these superfields
as
QI = (qI , ψI), Q˜I = (q˜I , ψ˜I), va = (A
a
µ, λa), Φa = (φa, χa). (22)
The action is
S =
r∑
I=1
∫
d3xd4θtr(Q†Ie
2vL(I)QIe
−2vR(I) + Q˜Ie
2vL(I)Q˜†Ie
−2vR(I))
−
r∑
I=1
(∫
d3xd2θ
√
2tr(Q˜IΦL(I)QI − Q˜IQIΦR(I)) + c.c.
)
+
r∑
a=1
ka
2
tr
[
1
2π
∫
d3xd4θ
∫ 1
0
dt(vaD(e
−2tvaDe2tva))−
(∫
d3xd2θΦ2a + c.c.
)]
,(23)
where L(I) and R(I) represent the vertices at the left and the right ends of an edge
I, respectively. Similarly, we define L(a) and R(a) for the edges on the left and the
right side of a vertex a. The first line in (23) includes the kinetic terms of the hy-
permultiplets, and the second line is the standard superpotential coupling between
vector and hypermultiplets. The third line is the supersymmetric completion of the
Chern-Simons terms (6).
ka in (23) are the Chern-Simons couplings. The gauge invariance of the action
requires them to be integers. Furthermore, the existence of N = 4 supersymmetry
requires them to be given by
ka = k(sL(a) − sR(a)), k ∈ Z, sI = 0, 1, (24)
where sI are integers assigned to edges in the quiver diagram, and they take only
two values 0 and 1. Corresponding to these two values, the hypermultiplets fall into
two groups, untwisted and twisted hypermultiplets. If sI = 0 (sI = 1) the hyper-
multiplet is called untwisted (twisted) hypermultiplet. When we want to distinguish
these two kinds of hypermultiplets, we use index i for untwisted hypermultiplets,
and i′ for twisted ones. Let p and q be the numbers of untwisted, and twisted hyper-
multiplets, respectively. Because the quiver diagram is circular, the total number
of hypermultiplets and the number of vector multiplets are the same;
r = p+ q. (25)
The R-symmetry of this N = 4 theory is
Spin(4)R = SU(2)× SU(2)′. (26)
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There also exist flavor symmetries
U(1)× U(1)′. (27)
The component fields in untwisted hypermultiplets Hi and those of twisted hyper-
multiplets Hi′ are transformed in different ways under the global symmetries. See
Table 1.
Table 1: The global symmetries
SU(2) SU(2)′ U(1) U(1)′
(qi, q˜
†
i ) 2 1 +1 0
(ψi, ψ˜
†
i ) 1 2 +1 0
(qi′ , q˜
†
i′) 1 2 0 +1
(ψi′ , ψ˜
†
i′) 2 1 0 +1
The M2-brane background corresponding to this theory is obtained as the Higgs
branch of moduli spaces[31]. (See also [32, 33].) To obtain the background for a
single M2-brane, let us consider the Abelian case with the gauge group U(1)r. With
the terminology of N = 2 supersymmetry, the moduli space is obtained by dividing
the solution of F-term conditions by the complexified gauge symmetry.
From the superpotential terms in the action (23), the F-term conditions of QI
and Q˜I give
φL(I) = φR(I). (28)
(We assume that qI , q˜I 6= 0 for the Higgs branch.) This means that all φa take the
same value. We denote it by φ. The F-term condition for Φa is
qL(a)q˜L(a) − ksL(a)φ = qR(a)q˜R(a) − ksR(a)φ. (29)
This means that qI q˜I − ksIφ is a constant independent of the index I. In other
words, the product qI q˜I takes two values according to sI . We can define “meson
operators” M and M ′ by
M = qiq˜i, M
′ = qi′ q˜i′ . (30)
Now, we have 2r complex variables qI and q˜I constrained by (30). φa are dependent
fields. The number of independent complex variables is r+2. In addition to these,
we need to take account of the dual photon field a. It is defined by solving the
Gauss law constraint (9) as
da =
r∑
a=1
kaAa. (31)
The dual photon field is combined with the scalar field σ in the diagonal U(1) vector
multiplet to a complex scalar field belonging to a chiral multiplet. It is convenient
to define eia+σ.
Now we have r+3 independent complex variables. We have to divide this space
by complexified gauge symmetry U(1)r−1C to obtain a complex 4-dimensional moduli
space. Let us consider a gauge symmetry with parameter λa, which transform the
gauge fields by
δAa = dλa. (32)
This transform the complex scalar fields as
qI → eiβIqI , eia+σ → e−ik
P
I
sIβI eia+σ, (33)
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where we defined
βI = λL(I) − λR(I). (34)
By definition, parameters βI are constrained by
r∑
I=1
βI = 0. (35)
Let us rewrite the parameters βI by ϕ, θi, θi′ as
βi =
ϕ
p
+ θi, βi′ = −ϕ
q
+ θi′ , (36)
where θi and θi′ satisfy
p∑
i=1
θi =
q∑
i′=1
θi′ = 0. (37)
Then, the gauge transformation becomes
qi → eiϕ/peiθiqi, qi′ → e−iϕ/qeiθi′ qi′ , eia+σ → e−ikϕeia+σ (38)
We can fix the continuous part of this gauge symmetry by
eia+σ = 1, (39)
and
qi=1 = · · · = qi=p, qi′=1 = · · · = qi′=q. (40)
(39) fixes ϕ transformation and two equations in (40) fix the θi and θi′ transforma-
tions. If (40) hold, the relations in (30) guarantee
q˜i=1 = · · · = q˜i=p, q˜i′=1 = · · · = q˜i′=q. (41)
After the gauge fixing, we have four independent complex variables. We introduce
the coordinates zm (m = 1, 2, 3, 4) in the Higgs branch moduli space by
z1 = qi, z2 = q˜
∗
i , z3 = qi′ , z4 = q˜
∗
i . (42)
Even after the gauge fixing above, we still have residual gauge symmetry with the
parameters
βi =
2πN
kp
+
2πm
p
, βi′ = −2πN
kq
+
2πn
q
, (43)
where N , m, n are arbitrary integers. Due to this residual gauge symmetry the
global rotations
exp
2πi
p
P, exp
2πi
q
P ′, exp(2πiPM ). (44)
are gauge equivalent to 1, P and P ′ are the generators of U(1) and U(1)′, respec-
tively, and their action on the coordinates are shown in Table 2. PM is the linear
combination of P and P ′;
PM =
1
kq
P ′ − 1
kp
P. (45)
The shift generated by PM is gauge equivalent to the shift of dual photon field up
to the gauge symmetry associated with the parameter ϕ, and we regard PM as the
M-momentum.
By taking account of the discrete residual gauge symmetry (44), we obtain the
moduli space
Mp,q,k = ((C
2/Zp)× (C2/Zq))/Zk. (46)
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Table 2: Actions of generators of global symmetries on the coordinates z1, z2, z3,
and z4 are shown.
T3 T
′
3 P P
′ h1 h2 h3 h4
z1 +1/2 0 +1 0 +1/2 +1/2 −1/2 +1/2
z2 −1/2 0 +1 0 −1/2 +1/2 +1/2 +1/2
z3 0 +1/2 0 +1 −1/2 +1/2 −1/2 −1/2
z4 0 −1/2 0 +1 +1/2 +1/2 +1/2 −1/2
We summarize the action of global symmetries to the coordinates zm in Table
2. T3 and T
′
3 are the Cartan generators of SU(2) and SU(2)
′, respectively. For
convenience, we also include the weights hm (m = 1, . . . , 4) used in §1 in the table.
The charges hm are related to P , P
′, T3, and T
′
3 by
h1 = T3 − T ′3, h2 =
1
2
(P + P ′), h3 = −(T3 + T ′3), h4 =
1
2
(P − P ′). (47)
2.2 Wilson lines and fivebrane linking numbers
By restricting the orbifold Mp,q,k on the sphere of the unit radius, we obtain the
internal space X7 of the dual geometry
X7 =
(
S7/(Zp × Zq)
)
/Zk. (48)
Zk freely acts on the sphere and does not generate fixed points, while Zp and Zq
generate three-dimensional loci of A-type singularities. We denote the singular loci
associated with the Zp and Zq orbifoldings by SU and ST , respectively. SU is Ap−1
singularity and an SU(p) vector multiplet lives on it. Similarly, on the other locus
ST , SU(q) vector multiplet lives. We define the gauge groups
GS = GSU ×GST = SU(p)× SU(q) (49)
and their Cartan parts
HS = HSU ×HST = U(1)p−1 × U(1)q−1 (50)
for later convenience.
It is often convenient to represent X7 as a T
2-fibration over a certain 5-manifold
by using the global symmetry U(1)× U(1)′ to define fibers as its orbits. Then the
loci SU and ST are subsets of the base space on which one cycle of the toric fiber
shrinks. (See [22] for detailed description of the structure of X7.) When we blow up
the singularities, SU and ST split into p loci SUi and q loci STi′ , respectively. We
here use indices i and i′ just as for hypermultiplets. The reason for this becomes
clear shortly. Each of the loci can be regarded as a brane which supports U(1) vector
multiplet on its worldvolume. (Precisely speaking, these U(1) are not independent
because the gauge groups on the loci are not U but SU .) Topology of the loci
SU and ST are S3/Zkq and S3/Zkp, respectively. Both the orbifold groups are
generated by the third generator in (44). Associated with the fundamental groups
π1(SU ) = Zkq and π1(ST ) = Zkp, we have in general non-trivial Wilson lines
diag(e2πiη1 , . . . , e2πiηp) ∈ U(p), diag(e2πiη′1 , . . . , e2πiη′q ) ∈ U(q), (51)
where each diagonal component of these Wilson lines corresponds to each of singular
loci SUi or STi′ . Note that these are not elements of SU(p) and SU(q) because we
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do not impose the condition that their determinants are one. This does not cause
any problem because there are no particles coupling to the U(1) part. ηi and ηi′
must be quantized by
ηi ∈ 1
kq
Z, ηi′ ∈ 1
kp
Z. (52)
When we later compute the contribution of twisted sectors to a multi-particle index,
we should take account of the momentum shift due to these Wilson lines.
To compare the multi-particle index with the gauge theory index, we need to
relate the Wilson lines to data of the gauge theory. For this purpose, it is convenient
to interpolate the M2-brane background Mp,q,k and the Chern-Simons theory by a
type IIB brane system on which the Chern-Simons theory is realized. Let us consider
N coincident D3-branes wrapped around S1. If the size of the S1 is small, the
theory realized on the D3-brane worldvolume becomes effectively three-dimensional.
We can realize U(N)r gauge group by introducing r fivebranes intersecting with
the D3-brane worldvolume at distinct points. In type IIB theory fivebranes are
characterized by two charges: the NS5 charge and the D5 charge. To realize N = 4
Chern-Simons theory with p untwisted and q twisted hypermultiplets, we use p
NS5-branes and q (k, 1)-fivebranes, and place them around the S1 according to the
quiver diagram. p+q = r hypermultiplets arise from massless modes of open strings
stretched between two adjacent intervals on the both sides of the corresponding
fivebrane. The Chern-Simons terms (6) with levels (24) are induced by the boundary
coupling at the ends of the intervals of D3-branes[34, 35].
By the T-duality transformation along S1 and M-theory lift, this brane system is
transformed into N M2-branes in the M-theory background Mp,q,k, and its gravity
dual is AdS4 ×X7. Through this duality chain, NS5-brane i and (1, k)-fivebrane i′
are mapped to singular loci SUi and STi′ , respectively. We have already assumed
implicitly this correspondence between the fivebranes and singular loci when we
used indices i and i′ to label the singular loci.
In [36], the relation between the set of Wilson lines and the structure of the brane
system is studied in detail for the case of k = 1, and it is shown that the Wilson lines
are determined by the fivebrane linking numbers. The relation is easily generalized
for general k. To define the linking numbers, we first need to choose one vertex in
the circular quiver diagram to cut the diagram at the vertex to make it linear. We
represent the reference vertex by a = •. For NS5-brane i and (1, k)-fivebrane i′, the
linking numbers are defined by
li = δNi + k
∑
i<j′<•
1, li′ = δNi′ − k
∑
•<j<i′
1, (53)
where δNI = NL(I) − NR(I) represents the number of D3-branes ending on the
fivebrane I. When k = 1 these reduces to those given in [36]. We inserted k so
that these linking numbers are invariant in the brane creation processes[37]. By
definition, these numbers are integers depending on the reference point. With these
linking numbers, the Wilson line parameters are given by
ηi =
1
kq
li, η
′
i′ =
1
kp
l′i′ . (54)
These relations for k = 1 are given in [36]. We generalize them by inserting factor
k−1 so that these relations are consistent with the quantization (52).
In this work, we only consider the case of δNI = 0, and the linking numbers are
multiples of k.
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3 Gravity side
The indices we consider in this paper are defined by
I(x, z, z′) = tr
[
(−)F e−β′{Q,S}x2(∆+j3)zP z′P ′
]
. (55)
where Q is a certain component of the supercharge and S is its Hermitian conjugate.
On the gauge theory side, the trace is taken over all gauge invariant operators. This
index does not depend on β′, and only operators saturating the BPS bound
{Q,S} = ∆− j3 − (T3 + T ′3) ≥ 0 (56)
contribute. We choose Q so that h3 = −(T3 + T ′3) is the R-charge rotating Q.
The global symmetries commuting with this R-charge is generated by P , P ′, and
T3 − T ′3. Among these three U(1) symmetries, the last one is broken when we
deform the theory by adding Q-exact kinetic terms for the vector multiplets for
the purpose of taking the weak coupling limit. This is the reason why we insert
chemical potentials only for the charges P and P ′. We compare this index with the
corresponding multi-particle index for M-theory in the dual geometry AdS4 ×X7.
On the gravity side, the single-particle index is given as the sum of two different
origins. One is the contribution of bulk particles, and the other is that of the twisted
sectors, which are localized at the fixed loci in the orbifold.
3.1 Bulk sector
In this subsection, we discuss the bulk sector. In general, the index for bulk particles
in an orbifold S7/Γ can be obtained from the index for S7 by the projection which
leaves modes invariant under the orbifold action. The single-particle index for bulk
gravitons in AdS4 × S7 is given in (15).
In the case of X7 given in (48), Γ is generated by the three generators in (44). To
obtain Γ-invariant part of the index, let us first rewrite the index (15) as a function
of x, z, and z′. Because zP z′P
′
= (zz′)h2(z/z′)h4 , we can change the variables by
substituting
y1 = 1, y2 = zz
′, y3 =
z
z′
, (57)
into (15). We obtain
Igrav(x, z, z′) =
(1z + z
′ + z + 1z′ )(x − x7) + (2 + z
′
z +
1
zz′ + zz
′ + zz′ )(x
6 − x2)
(1− x4)(1− xz′)(1 − xz)(1− x/z′)(1− x/z) .
(58)
We expand this index with respect to z and z′ as
Igrav(x, z, z′) =
∑
P,P ′
IgravP,P ′ (x)z
P z′P
′
. (59)
The coefficients IgravP,P ′(x) are given by
IgravP,P ′(x) = (1− δP,0δP ′,0)x|P |+|P
′| + δP,0
x|P
′|+2
1− x4 + δP ′,0
x|P |+2
1− x4 . (60)
The charges P and P ′ in Γ invariant terms must satisfy
1
p
P ∈ Z, 1
q
P ′ ∈ Z, PM ∈ Z. (61)
The general solution to these conditions is
P = pa, P ′ = q(a+ kb), a, b ∈ Z. (62)
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The integer b is equal to the M-momentum PM . The single-particle index for the
bulk gravitons in S7/Γ is given by
IB(x, z, z′) =
∞∑
a,b=−∞
Igravpa,q(a+kb)(x)z
paz′q(a+kb). (63)
3.2 Twisted sectors
As we have already mentioned, the internal space X7 includes two fixed loci SU and
ST , and we should take account of the twisted sectors associated with these. The
two sectors can be treated in parallel ways, and we first consider the contribution
of the SU sector in detail. Because SU is the Ap−1 type singularity, we expect that
there exists an SU(p) vector multiplet localized on the locus. With the coordinates
defined in (42), SU is given by z1 = z2 = 0, and is spanned by two complex
coordinates z3 and z4 constrained by
|z3|2 + |z4|2 = 1. (64)
This equation together with the identification by the Zkq generated by the third
generator in (44) defines the Lens space S3/Zkq . Because this orbifold does not
have fixed points, we can obtain the single-particle index for a vector multiplet in
this manifold by the Zkq projection from the index for the covering space S
3.
The component fields in a vector multiplet in SU do not carry the charge P .
Thus, the index should be the function only of x and z′, and is independent of z.
We propose the single-particle index
Ivec(x, z′) =
x2
1− x4
(
1 +
xz′
1− xz′ +
x/z′
1− x/z′
)
=
∞∑
P ′=−∞
IvecP ′ (x)z
′P ′ , (65)
for a single U(1) vector multiplet in S3, where the coefficients in the z′ expansion
are given by
Ivecm (x) =
x|m|+2
1 − x4 . (66)
This single-particle index should be directly derived from the analysis of Kaluza-
Klein spectrum of a vector multiplet on S3. We leave such analysis for future work,
and use this as a starting point of the analysis of the twisted sectors. Once we
accept that the single-particle index for S3 is given by (65), the index for orbifold
S3/Zkq is obtained by the projection which leaves only Zkq invariant modes.
When we consider the single-particle index of the covering space of the other
locus ST , we should replace the variable z′ in (65) by z. Namely, it is Ivec(x, z).
The procedure of the Zkq and Zkp projections is similar to what we have done
for the bulk sector. An important difference is that in general there exist non-
trivial Wilson lines coupling to the vector multiplets in the twisted sectors. Before
considering the projection for single-particle states, let us consider that for a general
multi-particle state. Let ρi and ρi′ be theHSU andHST charges of the multi-particle
state. They are the sum of charges of constituent particles in the state. Because
every particle belongs to the adjoint representation of GS , these charges satisfy
p∑
i=1
ρi =
q∑
i′=1
ρi′ = 0. (67)
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When we act an element of the orbifold group which rotates the cycles in SU and
ST by r and s times, respectively, the state picks up the phase
2πi
(
r
p∑
i=1
ρiηi + s
q∑
i′=1
ρi′ηi′
)
, (68)
and this must be canceled by the phase factor associated with the momentum.
Because (r, s) = (0,−k), (k, 0), and (1, 1) for the three generators in (44), the
cancellation of the phases requires
exp
(
2πi
p
P
)
= exp
(
2πik
q∑
i′=1
ρi′ηi′
)
, (69)
exp
(
2πi
q
P ′
)
= exp
(
−2πik
p∑
i=1
ρiηi
)
, (70)
exp(2πiPM ) = exp
(
−2πi
p∑
i=1
ρiηi − 2πi
q∑
i′=1
ρi′ηi′
)
. (71)
P and P ′ satisfying these conditions are given by
P = p
(
a+ k
q∑
i′=1
ρ′αi′η
′
i′
)
, P ′ = q
(
a+ kb− k
p∑
i=1
ραiηi
)
, a, b ∈ Z, (72)
and then the M-momentum PM is
PM = b−
p∑
i=1
ραiηi −
q∑
i′=1
ρ′αi′η
′
i′ , b ∈ Z. (73)
Unlike the case of bulk sector, the M-momentum PM is not always an integer.
These conditions are imposed on any multi-particle states, including single-particle
states. Actually, we obtain the momenta (62) for bulk single-particle states by
simply setting ρi = ρi′ = 0 in (72).
For a single-particle state in the twisted sector on the locus SU , ρi′ = P = 0.
This implies that a in the first equation in (72) vanishes, and the second equation
gives the momentum
P ′ = kq
(
b−
p∑
i=1
ραiηi
)
, b ∈ Z. (74)
Let {ραi} = ~ρα be the charge vector for an SU(p) vector multiplet living in the
locus SU . α = 1, . . . , p2−1 is the adjoint index of SU(p). These vectors are nothing
but the weight vectors for the adjoint representation of SU(p). The single particle
index for vector multiplets in the locus SU is
ISU (x, z′;~t) =
p2−1∑
α=1
∞∑
b=−∞
Iveckq(b−~ρα ·~η)(x)z
′kq(b−~ρα ·~η)tρα11 · · · tραpp
=
∑
~ρ
deg(~ρ)
∞∑
b=−∞
Iveckq(b−~ρ·~η)(x)z
′kq(b−~ρ·~η)tρ11 · · · tρpp , (75)
where deg(~ρ) is the degeneracy for the adjoint representation at ~ρ in the SU(p) root
lattice. Namely,
deg(~ρ) =

1 (|~ρ|2 = 2)
p− 1 (~ρ = 0)
0 (others)
(76)
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We here introduced new chemical potentials ~t = (t1, . . . , tp) for the HSU charges ~ρ.
The single-particle index for the SU(q) vector multiplet localized in the locus
ST = S3/Zkp is obtained in the same way. Because ρi = P ′ = 0, the projection
restrict the value of the momentum P as
P = kp
(
−b+
q∑
i′=1
ρ′αi′η
′
i′
)
, b ∈ Z. (77)
The single-particle index for the SU(q) vector multiplet in ST is given by
IST (x, z;~t′) =
q2−1∑
α=1
∞∑
a=−∞
Iveckp(a+~ρ′α ·~η)(x)z
kq(p+~ρ′α ·η
′
α)t
′ρ′α1
1 · · · t
′ρ′αq
q
=
∑
~ρ′
deg(~ρ′)
∞∑
a=−∞
Iveckp(a+~ρ′·~η)(x)z
kq(p+~ρ′ ·η′α)t
′ρ′1
1 · · · t
′ρ′q
q , (78)
where we defined the degeneracy for the SU(q) adjoint representation similarly to
(76).
Due to the constraint (67) these indices are invariant under the overall rescaling
of ~t and ~t′;
ISU (x, z′, c~t) = ISU (x, z′,~t), IST (x, z, c~t′) = IST (x, z,~t′). (79)
By summing up the contribution of the bulk and the twisted sectors, we obtain
Isp(x, z, z′;~t,~t′) = IB(x, z, z′) + ISU (x, z′;~t) + IST (x, z;~t′). (80)
In the following sections, we confirm that the corresponding multi-particle index
Imp(x, z, z′;~t,~t′) = exp
∞∑
n=1
1
n
Isp(xn, zn, z′n;~tn,~t′n) (81)
is reproduced as the monopole index on the field theory side. What we will actually
do in the following section is not to derive the indices as functions of ~t and ~t′ but to
compute indices for various sectors specified by charges (PM , ~ρ, ~ρ
′) separately. The
index for each sector specified by (PM , ~ρ, ~ρ
′) is extracted from (81) by
Imp(x, c−
1
kp z, c
1
kq z′;~t,~t′) =
∑
(PM ,~ρ,~ρ′)
Imp(PM ,~ρ,~ρ′)(x, z, z
′)cPM~t~ρ~t′~ρ
′
. (82)
To pick up the part of specific M-momentum we inserted an auxiliary variable c.
The summation with respect to the vectors ~ρ and ~ρ′ are taken over the SU(p) and
SU(q) root lattices. Note that PM is not always integer. The values PM can take
are determined by the equation (73), and depend on ~ρ and ~ρ′.
The left and right hand sides in (80) are also expanded in a similar way, and we
obtain
Isp(PM ,~ρ,~ρ′)(x, z, z
′;~t,~t′) = δ~ρ,~0δ~ρ′,~0I
B
PM (x, z, z
′)
+δ~ρ′,~0I
SU
(PM ,~ρ)
(x, z′)~t~ρ
+δ~ρ,~0I
ST
(PM ,~ρ′)
(x, z)~t′~ρ
′
, (83)
where indices on the right hand side are defined by
IBPM (x, z, z
′) =
∞∑
a=−∞
Igravpa,q(a+kPM )(x)z
paz′q(a+kPM ), (84)
ISU(PM ,~ρ)(x, z
′,~t) = deg(~ρ)IveckqPM (x)z
′kqPM~t~ρ, (85)
IST(PM ,~ρ′)(x, z,
~t′) = deg(~ρ′)Ivec−kpPM (x)z
−kpPM~t′~ρ
′
. (86)
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4 Gauge theory side
4.1 Gauge theory index
The gauge theory index Igauge which we study is defined by
Igauge(x, z, z′) = tr
[
(−)F e−β′{Q,S}x2(∆+j3)zP zP ′
]
. (87)
This is evaluated by the radial quantization method[38, 39]. The procedure to
compute this index is essentially the same as the case of the ABJM model, which
is explained in [5] in detail.
By a conformal transformation, a local operator in R3 is mapped to a state in
the Fock space of the conformal field theory defined in S2 × R. The trace over all
operators is replaced by the path integral in the compact three-dimensional space
S2×S1, where S1 is the compactified time direction. To carry out the path integral,
we need to take a weak coupling limit in such a way that it does not change the
index. If the theory had continuous coupling constants, we could take such a limit
by sending them to zero. In the theory we discuss, however, we do not have such
continuous parameters. In the large N limit with fixed ’t Hooft coupling λ = N/k,
λ becomes effectively continuous, and we can take the weak coupling limit λ → 0.
This procedure is used in [30] to compute the neutral part of the index (20). (We
mean by the neutral part the contribution of operators without magnetic charges.)
However, we cannot use the same procedure because the monopole contributions
are suppressed in the large k limit.
In this paper, we keep the level k finite, and take a weak coupling limit by
adding Q-exact terms to the action. We can realize kinetic terms of vector and
hypermultiplets as Q-exact terms, and adding such terms to the action does not
affect the index because only states eliminated by Q contribute to the index. We
can take the weak coupling limit by sending the coefficients of the Q-exact terms
to infinity. In such a limit, we can treat all fields as free fields, and the saddle point
approximation gives the exact result.
Because we want to take account of monopole operators, we should consider all
backgrounds with magnetic flux through the S2. We assume that only Goddard-
Nuyts-Olive (GNO) monopoles[40] contribute to the index as saddle points in the
path integral. GNO monopoles are superposition of Dirac monopoles for the Cartan
part of the gauge group. For every vertex a in the quiver diagram we have N U(1)
subgroups. We label them by color indices s, t, . . .. Let mas ∈ Z be the magnetic
charge of the GNO monopole for the s-th U(1) subgroup of U(N)a. We should
consider all possible charges parameterized by rN integers {mas}, and the total
index is given as the summation over all monopole charges
Igauge(x, z, z′;~τ ) =
∑
{mas}
I{mas}(x, z, z
′)
n∏
a=1
τmaa , (88)
where we introduced chemical potentials τa for the magnetic charges ma defined by
ma =
N∑
s=1
mas. (89)
These are the gauge invariant monopole charges introduced in (8).
In order to compare the gauge theory index (88) with the multi-particle index
(81) derived on the gravity side, we need to find the relation between magnetic
charges ma and the variables (PM , ~ρ, ~ρ
′). We discuss this relation in the next sub-
section. Here we focus on the way to compute the index for each sector specified
by the magnetic charges.
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In the weak coupling limit, we can expand fields in the theory by harmonic
functions in S2 with magnetic flux (monopole harmonics), and the path integral
reduces to integrals for the infinite number of modes. The Gaussian integrals as-
sociated with non-zero modes can be easily performed, and we are left with the
expression with integrals with respect to the holonomy around the compact time
direction
diag(eiαa1 , . . . , eiαas , . . . eiαaN ) ∈ U(N)a (90)
in the Cartan part of the gauge group. The expression after the integration over
the massive modes is
I{mas}(x, z, z
′) = x2ǫ0({mas})
(
r∏
a=1
N∏
s=1
∫
dαas
2π
)
exp
(
i
r∑
a=1
N∑
s=1
kamasαas
)
×
r∏
a=1
N∏
s,t=1
exp
[
∞∑
n=1
1
n
fvecast ({mas};xn, einβast)
]
×
r∏
I=1
N∏
s,t=1
exp
[
∞∑
n=1
1
n
fhypIst ({mas};xn, (zIeiβIst)n)
]
. (91)
See [5, 8] for a detailed derivation in the case of ABJM model. Generalization to
N=4 theories is straightforward. ǫ0 is the zero point energy due to the vacuum
polarization in S2, and is given by
ǫ0({mas}) = −1
2
r∑
a=1
N∑
s,t=1
|mas −mat|+ 1
2
r∑
I=1
N∑
s,t=1
|mL(I)s −mR(I)t|, (92)
where the first and the second terms are the contribution of vector and hyper
multiplets, respectively. fvecast and f
hyp
Ist are contributions of oscillators in the vector
multiplet Va and hyper multiplet HI , respectively, and given by
fvecast ({mas};x, eiβast) = −(1− δst)x2|mas−mat|eiβast , (93)
fvecIst ({mas};x, zIeiβIst) =
x2|mL(I)s−mR(I)t|+1
1 + x2
(
eiβIstzI +
1
eiβIstzI
)
. (94)
zI is defined by
zI =
{
z for sI = 0
z′ for sI = 1
(95)
βast and βIst are angular variables defined by
βast = αas − αat, βIst = αL(I)s − αR(I)t. (96)
These angular variables are holonomies for the components of Va or HI specified
by the color indices s and t.
To obtain the gauge theory index which can be compared with the graviton
index, we should take the large N limit. This limit is taken by adding vanishing
entries to the monopole charges {mas}. For each a, the monopole charge is de-
scribed by N integers mas (s = 1, . . . , N). Let Ma be the number of non-vanishing
components among them. When we take the large N limit, we keep Ma at O(1).
For this limit to be well defined, the zero-point energy should not diverge in the
limit. This is indeed easily confirmed by rewriting (92) as
ǫ0({mas}∗) = −1
2
r∑
a=1
∑
s∈Ma
∑
t∈Ma
|mas −mat|+ 1
2
r∑
a=1
∑
s∈ML(I)
∑
t∈MR(I)
|mL(I)s −mR(I)t|
+
1
2
r∑
a=1
(2Ma −Ma+1 −Ma−1)
∑
s∈Ma
|mas|, (97)
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where {mas}∗ is the collection of non-vanishing components in {mas}, and
∑
s∈Ma
represents the summation overMa non-vanishing components in the magnetic charges.
This expression is manifestly independent of N , and well behaves in the large N
limit.
The integration with respect to angular variables αas associated with vanishing
magnetic charges mas can be carried out by introducing the variables λan by
λan =
1
N −Ma
N∑
s=Ma+1
einαas , n = ±1,±2, . . . . (98)
The exponential factors in the second and the third lines in (91) can be rewritten
as a Gaussian factor including
exp
− ∞∑
n=1
1
n
r∑
a,b=1
λanMab(x
n, zn, z′n)λb−n + · · ·
 (99)
where · · · include the first and the zeroth order terms of λan, and the matrix M is
M(x, z, z′) =

. . . − xz−1r1+x2
1 −xzI−11+x2
−xz
−1
I−1
1+x2 1 − xzI1+x2
− xz−1I1+x2 1 −xzI+11+x2
−xz
−1
I+1
1+x2 1
− xzr1+x2
. . .

. (100)
After the Gaussian integral with respect to λan, we are left with the following
expression including the finite number of integrals.
I{mas}(x, z, z
′) = I(0)(x, z, z′)I
(∗)
{mas}∗
(x, z, z′), (101)
where I(0) is the determinant factor associated with the Gaussian integral of λan:
I(0)(x, z, z′) =
∞∏
n=1
1
detM(xn, zn, z′n)
, (102)
and I
(∗)
{mas}∗
is given by
I
(∗)
{mas}∗
(x, z, z′) =
x2ǫ0({mas}∗)
(symmetry)
(
r∏
a=1
Mi∏
s=1
∫
dαas
2π
)
exp
(
i
r∑
a=1
Ma∑
s=1
kamasαas
)
×
∏
a
∏
s,t
[
exp
∞∑
n=1
fvecast ({mas};xn, einβast)
]
×
∏
I
∏
s,t
[
exp
∞∑
n=1
f
hyp
Ist ({mas};xn, (zIeiβIst)n)
]
. (103)
For later convenience we divide the magnetic charges {mas}∗ into {mas}+, the
collection of positive charges, and {mas}−, the collection of negative charges, and
represent each of {mas}+ and {mas}− as a set of r Young diagrams. We also
introduceM+a (M
−
a ), the number of positive (negative) components in mas for each
a. The symmetry factor in (103) is the product of the symmetry factors of the 2r
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Young diagrams. The symmetry factor for a single Young diagram is defined as
the product of the factorial of the number of the lines with the same length in the
Young diagram. For example, the symmetry factor for and are 1!2! and 2!3!,
respectively.
fvecast and f
hyp
Ist are given by
fvecast ({mas};x, eiβast) =
(
−(1− δst)x2|mas−mat| + x2(|mas|+|mat|)
)
eiβast ,(104)
f
hyp
Ist ({mas};x, zIeiβIst) = (x2|mL(I)s−mR(I)t| − x2(|mL(I)s|+|mR(I)t|))
× x
1 + x2
(
zIe
iβIst +
1
zIeiβIst
)
(105)
We can easily see that I
(∗)
{mas}∗
is further factorized into I
(+)
{mas}+
depending only
on {mas}+ and I(−){mas}− depending only on {mas}−. To show the factorization of
the zero-point energy contribution x2ǫ0 , we divide the range of all the summations
of color indices s and t in (97) into two parts as
∑
s∈Ma
=
∑
s∈M+a
+
∑
s∈M−a
. The
first term in (97) is decomposed as
−
r∑
a=1
∑
s∈M+a
∑
t∈M+a
|mas −mat| −
r∑
a=1
∑
s∈M−a
∑
t∈M−a
|mas −mat|
−
r∑
a=1
2M−a ∑
s∈M+a
|mas|+ 2M+a
∑
s∈M−a
|mas|
 (106)
In the first line, the contributions of {mas}+ and {mas}− decouple from each other.
The two terms in the second line depend on both {mas}+ and {mas}−, and for the
factorization, these terms should be canceled by other terms. Actually, these terms
are precisely canceled by the mixed terms arising from the
∑
2Ma
∑ |mas| term in
the second line in (97). In this way, all the mixed terms cancel, and the zero-point
energy is represented as
ǫ0({mas}∗) = ǫ0({mas}+) + ǫ0({mas}−). (107)
The factorization of the second and the third lines in (103) is shown by using the
fact that the factor in the form x2|m−m
′|−x2(|m|−|m′|) appearing in (104) and (105)
vanish when m and m′ have opposite signatures.
Now we have shown that the gauge theory index factorizes into the three parts:
I{mas}(x, z, z
′) = I(0)(x, z, z′)I
(+)
{mas}+
(x, z, z′)I
(−)
{mas}−
(x, z, z′). (108)
Because the summations over {mas}+ and {mas}− are independent in the large N
limit, the total index also factorizes into three parts
Iguage(x, z, z′;~τ ) = I(0)(x, z, z′)I(+)(x, z, z′;~τ)I(−)(x, z, z′;~τ ), (109)
where I(±) (x, z, z′;~τ ) is defined by
I(±)(x, z, z′;~τ) =
∑
{mas}±
I
(±)
{mas}±
(x, z, z′)τm11 · · · τmrr . (110)
We also define the index for a specific gauge invariant monopole charges {ma} as
the sum of contributions of all the monopole backgrounds with the same {ma}. For
example, the index for {ma} = {2, 2} is the sum of four contributions:
I
(+)
{2,2} = I
(+)
{ , } + I
(+)
{ , } + I
(+)
{ , } + I
(+)
{ , }, (111)
where we used the Dynkin diagrams to represents the charges {mas}+.
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4.2 Selection rules
The integration with respcet to the angular variable αia leaves only terms whose P
and P ′, the numbers of z and z′ in the terms, satisfy certain selection rules, which
correspond to conditions of gauge-invariance of operators. For an operator which
carries at most the diagonal U(1) magnetic charge, selection rules are expected to
be
1
p
P ∈ Z, 1
q
P ′ ∈ Z, (112)
which means that such an operator is invariant under the residual gauge transforma-
tions (44). For another operator which carries different magnetic charges, selection
rules are considered to shift from (112)[23]. In this subsection, we derive selection
rules and show that these selection rules precisely reproduce the spectrum (72) of
the Kaluza-Klein momenta derived on the gravity side.
Let us start from (91). For every vertex (U(N) gauge group) a, we have N
angular variables αas (s = 1, . . . , N). Instead of these, let us take αa1 and βa1s
(s = 2, . . . , N) as N independent angular variables. We replace all αas (s ≥ 2) in
(91) by αa1− βa1s. By this replacement, the exponential factor including the levels
ka becomes
exp
(
i
r∑
a=1
N∑
s=1
kamasαas
)
= exp
(
i
r∑
a=1
kamaαa1
)
× exp
(
−i
r∑
a=1
N∑
s=2
kamasβa1s
)
.
(113)
The variables βIst in f
hyp
Ist (x, zIe
iβIst) become
βIst = βI11 − βL(I)1s + βR(I)1t. (114)
As a result, the parameter zI is always accompanied by e
iβI11 . After integrating
out βa1s (s ≥ 2), we obtain
I{mas}(x, z, z
′) =
(
r∏
a=1
∫
dαa1
)
exp
(
i
r∑
a=1
kamaαa1
)
f(zIe
iβI11), (115)
where f(zIe
iβI11) is a certain function of r variables zIe
iβI11 (I = 1, . . . , r). This
function also depends on x, but we do not take care about it here.
We now have r angular variables αa1 to be integrated. Instead of these, let us
use α•1 and βI11 as r independent variables, where a = • is the reference vertex we
used to define the fivebrane linking numbers in §2.2. By definition βI11 satisfy
r∑
I=1
βI11 = 0. (116)
To treat all βI11 as independent variables, we insert the δ function
δ(
r∑
I=1
βI11) =
∞∑
d=−∞
exp(−id
r∑
I=1
βI11) (117)
into (115). (δ(θ) in this equation is the δ-function for an angular variable. Namely
it has the periodic support θ = 2πn.) We rewrite the exponential factor in (115)
by using
r∑
a=1
kamaαa1 = k
r∑
I=1
cIβI11 − kα•1
r∑
I=1
sIµI , (118)
where we defined
cI =
∑
•<J<I
(sI − sJ )µJ −m•sI , (119)
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and the relative magnetic charges
µI = mL(I) −mR(I). (120)
By definition µI satisfy
r∑
I=1
µI = 0. (121)
We obtain
I{mas}(x, z, z
′) =
∞∑
d=−∞
∫
dα•1
(
r∏
I=1
∫
dβI11
)
F (zIe
iβI11)
× exp
(
i
r∑
I=1
(kcI − d)βI11 − kα•1
r∑
I=1
sIµI
)
. (122)
The integration of α•1 gives the constraint
r∑
I=1
sIµI = 0, (123)
imposed on µI . This is equivalent to (10). It is convenient to divide the rela-
tive magnetic charges µI into two sets µi and µi′ corresponding to two kinds of
hypermultiplets. (121) and (123) are equivalent to the two constraints
p∑
i=1
µi = 0,
q∑
i′=1
µi′ = 0, (124)
and they form SU(p) and SU(q) root lattices. It is natural to relate these lattices
to the gauge groups realized on the fixed loci in X7, and identify µi and µi′ with
the vectors ρi and ρi′ introduced in §3.2;
µi = ρi, µi′ = ρi′ . (125)
For this identification to be justified, (~µ, ~µ′), P , and P ′ should satisfy the same
relation as (72). We can easily confirm this as follows. For every I, the βI11
integration picks up terms proportional to
zd−kcII . (126)
Therefore, P and P ′, the total numbers of z and z′, are given by
P =
p∑
i=1
(d− kci) = pd+
q∑
i′=1
li′µi′ , (127)
P ′ =
q∑
i′=1
(d− kci′) = qd+ kqm• −
p∑
i=1
liµi, (128)
where lI are the linking numbers defined by (53). These equations say that the
charge P or P ′ of a gauge-invariant monopole operator shifts from a multiple of
p or q, respectively, corresponding to its magnetic charges, whcih was pointed out
in [23]. On the other hand, the selection rules (127), (128) are nothing but the
relations (72) on the gravity side.
The charge PM corresponding to the M-momentum is
PM = m• − 1
kq
p∑
i=1
liµi − 1
kp
q∑
i′=1
li′µi′ . (129)
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The right hand side of this equation is independent of d, and a function of the
magnetic charges ma. Although each of three terms in (129) separately depends on
the choice of the reference point, the sum of them is independent of the choice.
We can obtain the relation (129) in more direct way from (91). The reason why
PM is related to ma is that the flavor rotation generated by PM is gauge equivalent
to the shift of the dual photon field a defined by (31). The gauge invariance of
an operator require its charges associated with these two shifts to be the same.
When the gauge group is U(1)r, the gauge symmetry connecting these two shifts
are parameterized by ϕ defined in (36). For U(N)r gauge group we can define such
a parameter ϕ by
∂ϕβist =
1
p
, ∂ϕβi′st = −1
q
, ∂ϕβast = 0. (130)
The action of ∂ϕ on the parameters αas is
∂ϕαas = γa, (131)
where γa are constants satisfying
γL(i) − γR(i) = 1p , γL(i′) − γR(i′) = −
1
q
. (132)
These conditions determine γa up to overall shift. Integration of ϕ leaves only the
contribution of operators which are invariant under the ϕ gauge transformation, and
reproduces the relation (129) as we see below. Let us perform the integration over ϕ
orbit in (91). A term proportional to zP zP
′
is accompanied by the factor e−ikPMϕ.
The other factor including ϕ is the exponential factor including the Chern-Simons
levels. It includes
exp
(
iϕ
r∑
a=1
kamaγa
)
. (133)
Therefore, for the term to survive after ϕ integration, the following relation must
hold.
PM =
1
k
r∑
a=1
kamaγa. (134)
This is equivalent to (129). This expression is manifestly independent of the refer-
ence point. Thanks to the constraint (10), (134) is not changed by the overall shift
of γa, and is determined unambiguously.
We can easily show (1/k)
∑
a kaγa = 1, and PM is a weighted average of the
magnetic charges.
Now we have established the relation between quantities (PM , ρi, ρi′) defined on
the gravity side and magnetic charges ma defined on the gauge theory side.
PM =
1
k
r∑
a=1
kaγama, ρI = mL(I) −mR(I). (135)
We use this relation when we compare the indices in the following sections.
5 Comparison between graviton index and gauge
theory index
In this section we confirm the complete matching of the gauge theory index and the
multi-particle index. On the previous section we show that the gauge theory index
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is factorized into three parts: neutral, positive, and negative parts. In the following
we first show that the multi-particle index on the gravity side is also factorized in
the same way into three parts, and then, we confirm the agreement for each factor.
We show the agreement for the neutral part analytically. Concerning the charged
part, we use computers to compute gauge theory index for many sectors with differ-
ent charges, and we show that the gauge theory index I
(+)
{ma}
for monopole charges
{ma} agrees with the multi-particle index Imp(PM ,~ρ,~ρ′) for the charges (PM , ~ρ, ~ρ′) cor-
responding to the magnetic charges {ma} through (135).
5.1 Factorization of multi-particle index
In the previous section, we show that the gauge theory index is factorized into three
parts. For the two indices to coincides, the multi-particle index should also have
this property. Namely, Imp should be factorized as
Imp = Imp(0)Imp(+)Imp(−). (136)
Let us first confirm this factorization.
The factorization of the multi-particle index is equivalent to the following de-
composition of the single-particle index
Isp = Isp(0) + Isp(+) + Isp(−). (137)
Let us consider a single-particle state with quantum numbers (PM , ~ρ, ~ρ
′). By
the relations in (135) we can determine the corresponding magnetic charges ma.
The decomposability (137) claims that the magnetic charges ma determined in this
way for every single-particle state do not include positive and negative components
at the same time. This is confirmed easily as follows.
For a bulk graviton state, which has vanishing vectors ~ρ = ~ρ′ = 0, all the
components of the corresponding magnetic charge are the same and are given by
m1 = · · · = mr = PM , (138)
and thus they never include both positive and negative charges. This is also the
case for the Cartan part of the twisted sectors.
For an HS-charged particle in a twisted sector, one of ~ρ and ~ρ
′ is non-vanishing.
If the particle corresponds to an SU(p) root vector, ρi has two non-vanishing com-
ponents, and one of them is +1 and the other is −1. In this case the second relation
in (135) means that the minimum and the maximum components of the magnetic
charges ma differ by only one. Therefore, the r magnetic charges cannot include
both positive and negative charges.
We can always classify single-particle states into neutral, positive, and negative
parts according to the magnetic charges, and correspondingly, we can decompose
the single-particle index into the three parts as (137).
5.2 Neutral part
For the neutral part, we can analytically prove the relation I(0) = Imp(0) as we
demonstrate below.
On the gravity side, the neutral part of the multi-particle index Imp(0) is given
by
Imp(0)(x, z, z′) = exp
∞∑
n=1
1
n
Isp
(0,~0,~0)
(xn, zn, z′n) (139)
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where the single-particle index for (PM , ~ρ, ~ρ
′) = (0,~0,~0) is (See (83).)
Isp
(0,~0,~0)
(x, z, z′) =
∞∑
a=−∞
Igravpa,qa(x)z
paz′qa + (p− 1)Ivec0 (x) + (q − 1)Ivec0 (x)
=
xp+qzpz′q
1− xp+qzpz′q +
xp+qz−pz′−q
1− xp+qz−pz′−q + (p+ q)
x2
1− x4 . (140)
The corresponding multi-particle index defined by (139) is
Imp(0) =
∞∏
i=1
(1 + x2)i(p+q)
(1− (xp+qzpz′q)i)(1 − (xp+qz−pz′−q)i) , (141)
where we used Euler’s partition identity to obtain this expression.
On the gauge theory side, the corresponding index (102) is
I(0)(x, z, z′) =
∞∏
n=1
1
detM(xn, zn, z′n)
, (142)
where M is the matrix defined in (100). We can easily compute the determinant
by rewriting the matrix M as
M =
1
1 + x2
(1− xA)(1 − xA−1) (143)
with the matrix
A(z, z′) =

. . .
0 zI−1
0 zI
0 zI+1
0
zr
. . .

. (144)
The determinant
1
detM
=
(1 + x2)p+q
(1− xp+qzpz′q)(1− xp+qz−pz′−q) (145)
does not depend on the order of the untwisted and twisted hypermultiplets in the
quiver diagram. On substituting this into (142), we see that the neutral part of the
gauge theory index actually coincides with the corresponding part of the graviton
index;
I(0)(x, z, z′) = Imp(0)(x, z, z′). (146)
This result is consistent with the result in [30]. If we set z = z′ = 1 and p = q =M ,
we reproduce the index (20) with y1 = 1 substituted.
5.3 Charged part
Next, let us confirm the agreement of the charged part:
I(±)(x, z, z′) = Imp(±)(x, z, z′). (147)
We can easily show the following relations between positive and the negative parts:
I(+)(x, z, z′) = I(−)(x, z−1, z′−1), Imp(+)(x, z, z′) = Imp(−)(x, z−1, z′−1). (148)
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Therefore, it is enough to show the relation for the positive part of the indices:
I
(+)
{ma}+
(x, z, z′) = I
mp(+)
(PM ,~ρ,~ρ′)
(x, z, z′), (149)
for {ma}+ and (PM , ~ρ, ~ρ′) related by (135).
Unfortunately, we have not succeeded in proving (149) analytically. In the fol-
lowing, we consider three examples of N = 4 Chern-Simons theories specified by
{sI} = {0, 0, 1}, {0, 0, 1, 1}, and {0, 1, 0, 1} 2. (The simplest case with {sI} = {0, 1}
(ABJM model) has already been investigated in [5].) For each theory we com-
pute I
(+)
{ma}
numerically for many sectors specified by the charges, and confirm the
agreement with I
mp(+)
(PM ,~ρ,~ρ′)
.
5.3.1 UUT theory
In this section, we consider the theory defined by
{sI} = {0, 0, 1}. (150)
The background geometry of this theory is (C2/Z2 × C2)/Zk. The internal space
X7 includes a Z2-fixed singular locus, and there exists one two-cycle at the locus
SU . The vectors ~ρ = {ρi} and ~ρ′ = {ρi′} are parameterized by a single winding
number ρ ∈ Z as
~ρ = {ρ1, ρ2} = {−ρ, ρ}, ~ρ′ = {ρ3} = {0}. (151)
We introduce chemical potential t for the charge ρ. This is related to the potentials
tI introduced in §3 by t = t2/t1. By the relations in (135), the magnetic charges
are determined as
{m1,m2,m3} = {PM , PM + ρ, PM}. (152)
The Wilson lines ηI vanish up to integers, and this is consistent with the fact that
there is no three-cycles in the dual geometry. The quantization rules (127) and
(128) for the charges P and P ′ are
P = 2a, P ′ = a+ kPM , a, PM ∈ Z. (153)
The positive part of the single-particle index is defined byma ≥ 0 and {m1,m2,m3} 6=
{0, 0, 0}. These conditions mean
PM ≥ 0, PM + ρ ≥ 0, (PM , ρ) 6= (0, 0). (154)
For every pair of charges (PM , ρ) satisfying (154) we would like to confirm
I
(+)
{PM ,PM+ρ,PM}
(x, z, z′) = I
mp(+)
(PM ,ρ)
(x, z, z′). (155)
Single-particle states exist only for |ρ| ≤ 1. Eq. (83) gives
Isp(PM ,0) =
∞∑
a=−∞
Igrav2a,a+kPM (x)z
2az′kPM+a + IveckPM (x)z
′kPM , (156)
Isp(PM ,±1) = I
vec
kPM (x)z
′kPM . (157)
2When we describe a set of numbers xa assigned to vertices in the quiver diagram, we choose
a reference vertex a = •, which is also used for the definition of the linking numbers, and
represent {xa} as the vector {x•, xR2(•), . . . , xL2(•)}, where R
2(•) ≡ R(R(•)), and Ln(•) and
Rn(•) are similarly defined. For a set of numbers yI assigned to edges, we represent them as
{yR(•), yR3(•), . . . , yL(•)}.
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It is relatively easy to compute indices when one of two bounds in (154) is
saturated. Let us first consider PM = 0 case. In this case, we should confirm
I
(+)
{0,ρ,0}(x, z, z
′) = I
mp(+)
(0,ρ) (x, z, z
′). (158)
Because the single-particle index depends on the level k only through the combina-
tion PMk, the multi-particle index on the right hand side in (158) is independent
of k. We can easily see that this is also the case for the gauge theory index on the
left hand side in (158) from the expression (103).
The only non-vanishing single particle index for PM = 0 contributing to I
mp(+)
is
Isp(0,1) =
x2
1− x4 , (159)
and the multi-particle index with PM = 0 is defined by
∞∑
ρ=0
I
mp(+)
(0,ρ) (x, z, z
′)tρ = exp
∞∑
n=1
1
n
Isp(0,1)(x
n, zn, z′n)tn. (160)
By using the identity
∞∏
i=0
1
1− txi =
∞∑
i=0
ti
i∏
j=1
1
1− xj , (161)
we obtain
I
mp(+)
(0,ρ) =
ρ∏
i=1
x2
1− x4i . (162)
Let us confirm that the gauge theory index agrees with this for small ρ. For ρ = 1,
we can easily compute the corresponding gauge theory index by hand, and confirm
the agreement.
I
(+)
{0,1,0} = I
(+)
(·, ,·) =
x2
1− x4 . (163)
For ρ = 2, there are two contribution with different monopole backgrounds.
I
(+)
{0,2,0} = I
(+)
{·, ,·} + I
(+)
{·, ,·}. (164)
It is again easy to compute these two contributions by hand. They are
I
(+)
{·, ,·} =
x4
1− x8 , I
(+)
{·, ,·} =
x8
(1 − x4)(1 − x8) , (165)
and the summation agrees with the multi-particle index
I
(+)
{0,2,0} =
x2
1− x4
x2
1− x8 = I
mp(+)
(0,2) . (166)
As the charge becomes large, the computation of the gauge theory index becomes
complicated rapidly. For ρ ≥ 3, we use computers to generate gauge theory index as
series expansion with respect to the variable x, and check the agreement for small
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ρ up to certain order of x. The result is as follows.
I
(+)
{0,3,0} = I
(+)
{·, ,·} + I
(+)
{·, ,·} + I
(+)
{·, ,·}
= I
mp(+)
(0,3) +O(x101), (167)
I
(+)
{0,4,0} = I
(+)
{·, ,·} + I
(+)
{·, ,·} + I
(+)
{·, ,·} + I
(+)
{·, ,·}
+ I
(+)
{·, ,·}
= I
mp(+)
(0,4) +O(x101), (168)
I
(+)
{0,5,0} = I
(+)
{·, ,·} + I
(+)
{·, ,·} + I
(+)
{·, ,·} + I
(+)
{·, ,·}
+I
(+)
{·, ,·}
+ I
(+)
{·, ,·}
+ I
(+)
{·, ,·}
= I
mp(+)
(0,5) +O(x31). (169)
All these results are consistent with (162) up to the order we have computed.
Next let us consider the case with PM ≥ 1 and PM + ρ = 0. The relation we
would like to confirm is
I
(+)
{PM ,0,PM}
(x, z, z′) = I
mp(+)
(PM ,−PM )
(x, z, z′). (170)
The single-particle index contributing to this part is
Isp(1,−1) =
x2(xz′)k
1− x4 . (171)
With the help of the identity (161) we obtain
I
mp(+)
(PM ,−PM)
=
PM∏
i=1
xk+2z′k
1− x4i . (172)
We have confirmed the following relations up to the indicated order of x for k =
1, 2, 3, 4, 5.
I
(+)
{1,0,1} = I
(+)
{ ,·, }
= I
mp(+)
(1,−1) +O(x101), (173)
I
(+)
{2,0,2} = I
(+)
{ ,·, } + I
(+)
{ ,·, } + I
(+)
{ ,·, } + I
(+)
{ ,·, }
= I
mp(+)
(2,−2) +O(x31), (174)
I
(+)
{3,0,3} = I
(+)
{ ,·, } + I
(+)
{ ,·, } + I
(+)
{ ,·, }
+ I
(+)
{ ,·, } + I
(+)
{ ,·, }
+I
(+)
{ ,·, }
+ I
(+)
{ ,·, }
+ I
(+)
{ ,·, }
+ I
(+)
{ ,·, }
= I
mp(+)
(3,−3) +O(x11). (175)
All these results are consistent with (172).
Finally, let us consider a few examples in which all magnetic charges are positive.
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For k = 1, 2, 3, 4, 5 we have checked
I
(+)
{1,1,1} = I
(+)
{ , , }
= I
mp(+)
(1,0) +O(x31), (176)
I
(+)
{2,1,2} = I
(+)
{ , , } + I
(+)
{ , , } + I
(+)
{ , , } + I
(+)
{ , , }
= I
mp(+)
(2,−1) +O(x21), (177)
I
(+)
{2,2,2} = I
(+)
{ , , } + I
(+)
{ , , } + I
(+)
{ , , } + I
(+)
{ , , }
+I
(+)
{ , , } + I
(+)
{ , , } + I
(+)
{ , , } + I
(+)
{ , , }
= I
mp(+)
(2,0) +O(x11). (178)
where
I
mp(+)
(1,0) = I
sp
(1,0) + I
sp
(0,1)I
sp
(1,−1), (179)
I
mp(+)
(2,−1) = I
sp
(2,−1) + I
sp
(1,0)I
sp
(1,−1) + I
sp
(0,1)
(
1
2
(Isp(1,−1))
2 +
1
2
Isp(1,−1)(·2)
)
, (180)
I
mp(+)
(2,0) = I
sp
(2,0) + I
sp
(2,−1)I
sp
(0,1) + I
sp
(1,1)I
sp
(1,−1)
+
(
1
2
(Isp(1,−1))
2 +
1
2
Isp(1,−1)(·2)
)(
1
2
(Isp(0,1))
2 +
1
2
Isp(0,1)(·2)
)
+
1
2
(Isp(1,0))
2 +
1
2
Isp(1,0)(·2) + Isp(1,0)Isp(1,−1)Isp(0,1). (181)
5.3.2 UUTT theory
Next, let us consider the cases with p = 2 and q = 2. There are two cases with
{sI} = {0, 0, 1, 1} and {sI} = {0, 1, 0, 1}, which we call UUTT and UTUT theories,
respectively. These are simplest examples that are distinguished by the order of
two kinds of hypermultiplets in the quiver diagrams.
We first consider UUTT theory with {sI} = {0, 0, 1, 1}. The inking numbers are
~l = {l1, l2} = {2k, 2k}, ~l′ = {l3, l4} = {−2k,−2k}, (182)
and the Wilson line parameters ηI vanishes up to integers. On the gravity side,
we have two A1 type singular loci. We parameterize the vectors ~ρ and ~ρ
′ by two
integers ρ and ρ′ as
~ρ = {ρ1, ρ2} = {−ρ, ρ}, ~ρ′ = {ρ3, ρ4} = {−ρ′, ρ′}, (183)
We introduce chemical potentials t and t′ for the charges ρ and ρ′, respectively.
These are related to the potentials tI introduced in §3 by t = t2/t1 and t′ = t4/t3.
Eq. (135) gives
{m1,m2,m3,m4} = {PM , PM + ρ, PM , PM + ρ′}. (184)
The positive part is defined by
ma ≥ 0, {m1,m2,m3,m4} 6= {0, 0, 0, 0}, (185)
and these are equivalent to
PM ≥ 0, PM + ρ ≥ 0, PM + ρ′ ≥ 0, (PM , ρ, ρ′) 6= (0, 0, 0). (186)
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We would like to show
I
(+)
{PM ,PM+ρ,PM ,PM+ρ′}
(x, z, z′) = I
mp(+)
(PM ,ρ,ρ′)
(x, z, z′), (187)
for every set of charges (PM , ρ, ρ
′) satisfying (186). Eq (83) gives the single-particle
index
Isp(PM ,0,0)(x, z, z
′) =
∞∑
a=−∞
Igrav2a,2(kPM+a)(x)z
2az′2(kPM+a)
+Ivec2kPM (x)(z
′2kPM + z−2kPM ), (188)
Isp(PM ,−1,0)(x, z, z
′) = Ivec2kPM (x)z
′2kPM , (189)
Isp(PM ,0,−1)(x, z, z
′) = Ivec−2kPM (x)z
−2kPM , (190)
Isp(PM ,1,0)(x, z, z
′) = Ivec2kPM (x)z
′2kPM , (191)
Isp(PM ,0,1)(x, z, z
′) = Ivec−2kPM (x)z
−2kPM . (192)
When some of the inequalities in (186) are saturated, the computation of Imp(+)
and I(+) are relatively easy, and we first consider such cases. The last condi-
tion in (186) means that the first three inequalities are not saturated at the same
time. If PM = 0, only single-particle states saturating the same inequality can con-
tribute to the multi-particle index. There are only two such single-particle charges,
(PM , ρ, ρ
′) = (0, 1, 0) and (0, 0, 1), and thus the multi-particle index is given by
∞∑
ρ=0
∞∑
ρ′=0
I
mp(+)
(0,ρ,ρ′)t
ρt′ρ
′
= exp
∑
n≥1
1
n
[
Isp(0,1,0)(x
n, zn, z′n)tn + Isp(0,0,1)(x
n, zn, z′n)t′n
]
(193)
By using the identity (161), we obtain
I
mp(+)
(0,ρ,ρ′) =
(
ρ∏
i=1
x2
1− x4i
) ρ′∏
i′=1
x2
1− x4i′
 . (194)
We can easily show that for I
(+)
{0,ρ,0,ρ′} the integrals in (103) are factorized into two
parts, and the relation
I
(+)
{0,ρ,0,ρ′} = I
(+)
{0,ρ,0,0}I
(+)
{0,0,0,ρ′} (195)
holds. In general, if the cyclic sequence of the magnetic charges splits into several
parts by vanishing components, the integrals in (103) are factorized, and we obtain
a relation like (195). Furthermore, each of two factors in (195) is the same as the
index I
(+)
{0,ρ,0} for the UUT theory. By using the results in the last subsection, we
can confirm I
mp(+)
(0,ρ,ρ′) = I
(+)
{0,ρ,0,ρ′}.
Next, let us consider the case in which PM ≥ 1 and the second or the third
bounds in (186) are saturated. Namely, PM + ρ = 0 or PM + ρ
′ = 0. Because there
is no one particle state saturating both the bounds, the multi-particle index for
such charges vanishes; I
mp(+)
(PM ,−PM ,−PM )
= 0. On the gauge theory side, we can show
I
(+)
{PM ,0,PM ,0}
= 0 by using the factorization I
(+)
{PM ,0,PM ,0}
= I
(+)
{PM ,0,0,0}
I
(+)
{0,0,PM ,0}
,
and applying the selection rules to the two factors.
When only one of PM + ρ = 0 or PM + ρ
′ = 0 in (186) is saturated, only single-
particle states with charges (1, 0,−1) or (1,−1, 0) contribute to the multi-particle
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index, and we obtain
I
mp(+)
(ρ′,0,−ρ′) =
 ρ′∏
i′=1
x2(xz−1)pk
1− x4i′
 , Imp(+)(ρ,−ρ,0) =
(
ρ∏
i=1
x2(xz′)qk
1− x4i
)
. (196)
These are easily generalized to
I
mp(+)
(ρ+ρ′,−ρ,−ρ′) =
 ρ′∏
i′=1
x2(xz−1)pk
1− x4i′
( ρ∏
i=1
x2(xz′)qk
1− x4i
)
. (197)
We confirm for k = 1, . . . , 5 that this index is correctly reproduced as the gauge
theory index for small ρ and ρ′ as follows.
I
(+)
{1,1,1,0} = I
(+)
{ , , ,·}
= I
mp(+)
(1,0,−1) +O(x101), (198)
I
(+)
{2,2,2,0} = I
(+)
{ , , ,·} + I
(+)
{ , , ,·} + I
(+)
{ , , ,·} + I
(+)
{ , , ,·}
+ I
(+)
{ , , ,·} + I
(+)
{ , , ,·} + I
(+)
{ , , ,·} + I
(+)
{ , , ,·}
= I
mp(+)
(2,0,−2) +O(x21), (199)
I
(+)
{1,0,1,1} = I
(+)
{ ,·, , }
= I
mp(+)
(1,−1,0) +O(x101), (200)
I
(+)
{2,0,2,2} = I
(+)
{ ,·, , } + I
(+)
{ ,·, , } + I
(+)
{ ,·, , } + I
(+)
{ ,·, , }
+ I
(+)
{ ,·, , } + I
(+)
{ ,·, , } + I
(+)
{ ,·, , } + I
(+)
{ ,·, , }
= I
mp(+)
(2,−2,0) +O(x21), (201)
I
(+)
{2,1,2,1} = I
(+)
{ , , , } + I
(+)
{ , , , } + I
(+)
{ , , , } + I
(+)
{ , , , }
= I
mp(+)
(2,−1,−1) +O(x21). (202)
Finally, we give more examples without vanishing magnetic charges.
I
(+)
{1,1,1,1} = I
(+)
{ , , , }
= I
mp(+)
(1,0,0) +O(x101), (203)
I
(+)
{1,2,1,1} = I
(+)
{ , , , } + I
(+)
{ , , , }
= I
mp(+)
(1,1,0) +O(x31), (204)
I
(+)
{1,1,1,2} = I
(+)
{ , , , } + I
(+)
{ , , , }
= I
mp(+)
(1,0,1) +O(x31), (205)
I
(+)
{1,2,1,2} = I
(+)
{ , , , } + I
(+)
{ , , , } + I
(+)
{ , , , } + I
(+)
{ , , , }
= I
mp(+)
(1,1,1) +O(x31), (206)
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where
I
mp(+)
(1,0,0) = I
sp
(1,0,0) + I
sp
(1,−1,0)I
sp
(0,1,0) + I
sp
(1,0,−1)I
sp
(0,0,1), (207)
I
mp(+)
(1,1,0) = I
sp
(1,1,0) + I
sp
(1,0,0)I
sp
(0,1,0) + I
sp
(1,0,−1)I
sp
(0,0,1)I
sp
(0,0,1)
+
(
1
2
(Isp(0,1,0))
2 +
1
2
Isp(0,1,0)(·2)
)
Isp(1,0,−1), (208)
I
mp(+)
(1,0,1) = I
sp
(1,0,1) + I
sp
(1,0,0)I
sp
(0,0,1) + I
sp
(1,−1,0)I
sp
(0,1,0)I
sp
(0,1,0)
+
(
1
2
(Isp(0,0,1))
2 +
1
2
Isp(0,0,1)(·2)
)
Isp(1,−1,1), (209)
I
mp(+)
(1,1,1) = I
sp
(1,0,0)I
sp
(0,1,0)I
sp
(0,0,1) + I
sp
(1,0,1)I
sp
(0,1,0) + I
sp
(1,1,0)I
sp
(0,0,1)
+
(
1
2
(Isp(0,1,0))
2 +
1
2
Isp(0,1,0)(·2)
)
Isp(0,0,1)I
sp
(1,−1,0)
+
(
1
2
(Isp(0,0,1))
2 +
1
2
Isp(0,0,1)(·2)
)
Isp(0,1,0)I
sp
(1,0,−1). (210)
5.3.3 UTUT theory
Now we move to the UTUT theory with {sI} = {0, 1, 0, 1}. The linking numbers
for this theory are
~l = {l1, l3} = {2k, k}, ~l′ = {l2, l4} = {−k,−2k}, (211)
and the Wilson line parameters are given by
~η = {η1, η3} = {0, 1
2
}, ~η′ = {η2, η4} = {1
2
, 0}. (212)
This theory is the simplest example with the non-trivial Wilson lines on the singular
loci. We parameterize ~ρ and ~ρ′ by two integers ρ and ρ′ as
~ρ = {ρ1, ρ3} = {−ρ, ρ}, ~ρ′ = {ρ2, ρ4} = {−ρ′, ρ′}. (213)
We introduce chemical potentials t and t′ for the charges ρ and ρ′, respectively.
These are related to the potentials tI introduced in §3 by t = t3/t1 and t′ = t4/t2.
Then the magnetic charges are given by
{ma} = {PM − ρ+ ρ
′
2
, PM +
ρ− ρ′
2
, PM +
ρ+ ρ′
2
, PM − ρ− ρ
′
2
}
= {m•,m• + ρ,m• + ρ+ ρ′,m• + ρ′}, (214)
where m• is the magnetic charge for the reference vertex, and is related to PM by
PM = m• +
1
2
(ρ+ ρ′). (215)
The relation we would like to confirm is
I
(+)
{PM−
ρ+ρ′
2 ,PM+
ρ−ρ′
2 ,PM+
ρ+ρ′
2 ,PM−
ρ−ρ′
2 }
(x, z, z′) = I
mp(+)
(PM ,ρ,ρ′)
(x, z, z′). (216)
The positive part of the single particle index is defined by
ma ≥ 0, {m1,m2,m3,m4} 6= {0, 0, 0, 0}, (217)
and these are equivalent to
m• ≥ 0, m• + ρ ≥ 0, m• + ρ′ ≥ 0, (m•, ρ, ρ′) 6= (0, 0, 0). (218)
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The single particle index is given by
Isp(m•,0,0)(x, z, z
′) =
∞∑
a=−∞
Igrav2a,2(km•+a)(x)z
2az′2(km•+a)
+Ivec2km•(x)(z
′2km• + z−2km•), (219)
Isp
(m•−
1
2 ,−1,0)
(x, z, z′) = Iveck(2m•−1)(x)z
′k(2m•−1), (220)
Isp
(m•−
1
2 ,0,−1)
(x, z, z′) = Ivec−k(2m•−1)(x)z
−k(2m•−1), (221)
Isp
(m•+
1
2 ,1,0)
(x, z, z′) = Iveck(2m•+1)(x)z
′k(2m•+1), (222)
Isp
(m•+
1
2 ,0,1)
(x, z, z′) = Ivec−k(2m•+1)(x)z
−k(2m•+1). (223)
As we did in the UUTT theory, let us first consider the cases in which some of
the magnetic charges ma vanish. Because all four vertices in the quiver diagram
are on an equal footing, we can assume m• = m1 = 0 without loosing generality.
This means that the first bound in (218) is saturated, and on the gravity side only
single-particle states with (m•, ρ, ρ
′) = (0, 1, 0) or (0, 0, 1) can contribute to the
index. The multi-particle index in this case is determined with the relation∑
ρ,ρ′
I
mp(+)
( ρ+ρ
′
2 ,ρ,ρ
′)
(x, z, z′)tρt′ρ
′
= exp
∑
n≥1
1
n
[
Isp(1/2,1,0)(x
n, zn, z′n)tn + Isp(1/2,0,1)(x
n, zn, z′n)t′n
] . (224)
By using the identity (161), we obtain
I
mp(+)
( ρ+ρ
′
2 ,ρ,ρ
′)
=
(
ρ∏
i=1
x2(xz′)k
1− x4i
) ρ′∏
i′=1
x2(xz−1)k
1− x4i′
 . (225)
For k = 1, . . . , 5 and small ρ and ρ′, we confirmed that this multi-particle index is
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reproduced as the gauge theory index
I
(+)
{0,0,1,1} = I
(+)
{·,·, , }
= I
mp(+)
(1/2,0,1) +O(x101), (226)
I
(+)
{0,0,2,2} = I
(+)
{·,·, , } + I
(+)
{·,·, , } + I
(+)
{·,·, , } + I
(+)
{·,·, , }
= I
mp(+)
(1,0,2) +O(x31), (227)
I
(+)
{0,0,3,3} = +I
(+)
{·,·, , } + I
(+)
{·,·, , } + I
(+)
{·,·, , }
+ I
(+)
{·,·, , } + I
(+)
{·,·, , }
+I
(+)
{·,·, , }
+ I
(+)
{·,·, , }
+ I
(+)
{·,·, , }
+ I
(+)
{·,·, , }
= I
mp(+)
(3/2,0,3) +O(x11), (228)
I
(+)
{0,1,1,0} = I
(+)
{·, , ,·}
= I
mp(+)
(1/2,1,0) +O(x101), (229)
I
(+)
{0,2,2,0} = I
(+)
{·, , ,·} + I
(+)
{·, , ,·} + I
(+)
{·, , ,·} + I
(+)
{·, , ,·}
= I
mp(+)
(1,2,0) +O(x31), (230)
I
(+)
{0,3,3,0} = I
(+)
{·, , ,·} + I
(+)
{·, , ,·} + I
(+)
{·, , ,·}
+ I
(+)
{·, , ,·} + I
(+)
{·, , ,·}
+I
(+)
{·, , ,·}
+ I
(+)
{·, , ,·}
+ I
(+)
{·, , ,·}
+ I
(+)
{·, , ,·}
= I
mp(+)
(3/2,3,0) +O(x11), (231)
I
(+)
{0,1,2,1} = I
(+)
{·, , , } + I
(+)
{·, , , }
= I
mp(+)
(1,1,1) +O(x41), (232)
I
(+)
{0,2,3,1} = I
(+)
{·, , , } + I
(+)
{·, , , } + I
(+)
{·, , , }
+ I
(+)
{·, , , } + I
(+)
{·, , , } + I
(+)
{·, , , }
= I
mp(+)
(3/2,2,1) +O(x21), (233)
I
(+)
{0,1,3,2} = I
(+)
{·, , , } + I
(+)
{·, , , } + I
(+)
{·, , , } + I
(+)
{·, , , } + I
(+)
{·, , , }
+ I
(+)
{·, , , }
= I
mp(+)
(3/2,1,2) +O(x21). (234)
We also check in some sectors with magnetic charges without vanishing compo-
nents the gauge theory index correctly reproduces the corresponding multi-particle
index for k = 1, . . . , 5.
I
(+)
{1,1,1,1} = I
(+)
{ , , , }
= I
mp(+)
(1,0,0) +O(x101), (235)
I
(+)
{1,2,2,1} = I
(+)
{ , , , } + I
(+)
{ , , , } + I
(+)
{ , , , } + I
(+)
{ , , , }
= I
mp(+)
(3/2,1,0) +O(x31), (236)
I
(+)
{1,1,2,2} = I
(+)
{ , , , } + I
(+)
{ , , , } + I
(+)
{ , , , , } + I
(+)
{ , , , }
= I
mp(+)
(3/2,0,1) +O(x31), (237)
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where
I
mp(+)
(1,0,0) = I
sp
(1,0,0) + I
sp
(1/2,−1,0)I
sp
(1/2,1,0) + I
sp
(1/2,0,−1)I
sp
(1/2,0,1), (238)
I
mp(+)
(3/2,1,0) = I
sp
(3/2,1,0) + I
sp
(1,0,0)I
sp
(1/2,1,0) + I
sp
(1/2,1,0)I
sp
(1/2,0,1)I
sp
(1/2,0,−1)
+
(
1
2
(Isp(1/2,1,0))
2 +
1
2
Isp(1/2,1,0)(·2)
)
Isp(1/2,−1,0), (239)
I
mp(+)
(3/2,0,1) = I
sp
(3/2,0,1) + I
sp
(1,0,0)I
sp
(1/2,0,1) + I
sp
(1/2,0,1)I
sp
(1/2,1,0)I
sp
(1/2,−1,0)
+
(
1
2
(Isp(1/2,0,1))
2 +
1
2
Isp(1/2,0,1)(·2)
)
Isp(1/2,0,−1). (240)
6 Conclusions
In this paper we have computed the index (87) for N = 4 Chern-Simons theories
with taking account of monopole contribution, and compared it with the multi-
particle index for M-theory in the background AdS4 ×X7, where X7 = (S7/(Zp ×
Zq))/Zk.
When we calculated the gauge theory index Igauge, we took the large N limit
with the Chern-Simons couplings ka fixed.
On the gravity side, the internal space X7 includes fixed loci on which GS =
SU(p) × SU(q) vector multiplets live. We conjectured the single-particle index
Ivec in (65) for a vector multiplet in AdS4 × S3, and derived the contribution of
the twisted sectors by the orbifold projection from Ivec. We also derived the bulk
sector index as the orbifold projection of the known graviton index for AdS4 × S7.
We combined them to obtain the multi-particle index Imp.
Both the gauge theory index Igauge and the graviton index Imp are factorized
into three parts: neutral, positive, and negative parts. We analytically proved the
agreement of the neutral part of these indices. The agreement of the negative part
follows from that of the positive part. To compute the positive part of the gauge
theory index we used numerical methods. We considered three N = 4 Chern-
Simons theories with gauge group U(N)3 or U(N)4 as examples, and for each
theory we numerically computed the gauge theory index for various sectors specified
by the magnetic charges {ma}. The magnetic charges {ma} are related to the M-
momentum PM and theHS-charges ρI , whereHS = U(1)
r−2 is the Cartan subgroup
of GS . We conjectured the one-to-one correspondence (135) between {ma} and
(PM , ρI), and comfirmed that the gauge theory index for a sector with magnetic
charges {ma} agrees with the multi-particle index for the sector with corresponding
charges (PM , ρI).
The HS charges ρI can be regarded as the winding numbers of M2-branes on
non-trivial two-cycles, and these results strongly suggest that (a part of) monopole
operators correspond to wrapped M2-branes.
We also confirmed that the relation between the fivebrane linking numbers and
the HS Wilson lines on the singular loci is reproduced on the gauge theory side by
analyzing the selection rules for the charges of global symmetry U(1)× U(1)′.
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